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1 The maximization problem of the household

The Lagrangian is given by:

L = E0

∞∑
t=0

βt

{
c1−ηt

1− η
+ Φ

[
1− ut − nMt − nSt

]1−ϕ
1− ϕ

− λct
[
ct + kt+1 − (1− δ)kt − rtkt − wMt nMt − wSt nSt − b̄tut − ΠM

t − ΠS
t

]
− λnM t

[
nMt+1 −

(
1− σM

)
nMt − ψhMt stut

]
−λnSt

[
nSt+1 −

(
1− σS

)
nSt − ψhSt (1− st)ut

]}
.

The first-order conditions with respect to ct, kt+1, nMt+1, nSt+1, ut, and st are,
[wrt ct]

c−ηt − λct = 0, (A.1)

[wrt kt+1]
− βtλct + βt+1Et [λct+1(1− δ + rt+1)] = 0, (A.2)

[wrt nMt+1]

− βtλnMt + βt+1Et
[
−Φl−ϕt+1 + λct+1w

M
t+1 + λnMt+1 (1− σM)

]
= 0, (A.3)

[wrt nSt+1]

− βtλnSt + βt+1Et
[
−Φl−ϕt+1 + λct+1w

S
t+1 + λnSt+1 (1− σS)

]
= 0, (A.4)

[wrt ut]

− βtΦl−ϕt + βtλctb̄t + βtλnM tψ
hM
t st + βtλnStψ

hS
t (1− st) = 0, (A.5)

[wrt st]
λnMt ψ

hM
t − λnSt ψ

hS
t = 0. (A.6)

To simplify the system of equations, we combine (A.1) and (A.2),

c−ηt = βEt
[
c−ηt+1(1− δ + rt+1)

]
, (A.7)

and then rearrange terms in (A.3) - (A.6),

λnMt = βEt
[
−Φl−ϕt+1 + c−ηt+1w

M
t+1 + λnMt+1 (1− σM)

]
, (A.8)
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λnSt = βEt
[
−Φl−ϕt+1 + c−ηt+1w

S
t+1 + λnSt+1 (1− σS)

]
, (A.9)

Φl−ϕt = λnM tψ
hM
t st + λnStψ

hS
t (1− st) + λctb̄t, (A.10)

λnMt ψ
hM
t = λnSt ψ

hS
t . (A.11)

2 The wage bargaining problem

2.1 Manufacturing sector

The maximization problem is written as,

max
wMt

{(
1− ϑM

)
lnV h

nM t + ϑM lnV f
nM t

}
, (A.12)

where
V h
nMt = −Φl−ϕt + λctw

M
t + (1− σM)λnM t, (A.13)

and

V f
nM t

= pMt (1− ζ)

(
Mt

nMt

) 1
α

− wMt +

(
1− σM

)
κM

ψfMt
. (A.14)

The first-order condition is written as,

ϑMV h
nM t =

(
1− ϑM

)
λctV

f
nM t

.

Using (A.13) and (A.14), we obtain,

ϑM
(
λctw

M
t − Φl−ϕt + (1− σM)λnM t

)
=(

1− ϑM
)
λct

(
pMt (1− ζ)

(
Mt

nMt

) 1
α

− wMt +

(
1− σM

)
κM

ψfMt

)
,

ϑMλctw
M
t + ϑM

(
−Φl−ϕt + (1− σM)λnM t

)
=

− (1− ϑM)λctw
M
t +

(
1− ϑM

)
λct

(
pMt (1− ζ)

(
Mt

nMt

) 1
α

+

(
1− σM

)
κM

ψfMt

)
,
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ϑMλctw
M
t + (1− ϑM)λctw

M
t =

−ϑM
(
−Φl−ϕt + (1− σM)λnM t

)
+
(
1− ϑM

)
λct

(
pMt (1− ζ)

(
Mt

nMt

) 1
α

+

(
1− σM

)
κM

ψfMt

)
.

The final expression for the wage in the manufacturing sector is,

wMt =
(
1− ϑM

)(
pMt (1− ζ)

(
Mt

nMt

) 1
α

+

(
1− σM

)
κM

ψfMt

)
−ϑ

M

λct

(
(1− σM)λnM t − Φl−ϕt

)
.

2.2 Service sector

Similarly, the maximization problem is written as,

max
wSt

{(
1− ϑS

)
lnV h

nSt + ϑS lnV f
nSt

}
, (A.15)

where

V h
nSt = λctw

S
t − Φl−ϕt +

(
1− σS

)
λnSt , (A.16)

and

V f
nSt

= pSt b
St
nSt
− wSt +

(
1− σS

)
κS

ψfSt
. (A.17)

The first-order condition is written as,

ϑSV h
nSt =

(
1− ϑS

)
λctV

f
nSt
.

Using (A.16) and (A.17) we obtain,

ϑS(λctw
S
t − Φl−ϕt +

(
1− σS

)
λnSt ) =

(
1− ϑS

)
λct(p

S
t b
St
nSt
− wSt +

(
1− σS

)
κS

ψfSt
).

We perform a simple algebra below,

ϑSλctw
S
t +ϑS(−Φl−ϕt +

(
1− σS

)
λnSt ) = −

(
1− ϑS

)
λctw

S
t +
(
1− ϑS

)
λct(p

S
t b
St
nSt

+

(
1− σS

)
κS

ψfSt
),
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ϑSλctw
S
t +
(
1− ϑS

)
λctw

S
t =

(
1− ϑS

)
λct(p

S
t b
St
nSt

+

(
1− σS

)
κS

ψfSt
)−ϑS(−Φl−ϕt +

(
1− σS

)
λnSt ),

wSt λct =
(
1− ϑS

)
λct(p

S
t b
St
nSt

+

(
1− σS

)
κS

ψfSt
)− ϑS(−Φl−ϕt +

(
1− σS

)
λnSt ).

The final expression for the equilibrium wage is given by,

wSt =
(
1− ϑS

)(
pSt b

St
nSt

+

(
1− σS

)
κS

ψfSt

)
− ϑS

λct
(
(
1− σS

)
λnSt − Φl−ϕt ).

3 Resource constraint

From the household budget constraint,

ct + it = rtkt + wMt n
M
t + wSt n

S
t + b̄tut − Tt + ΠM

t + ΠS
t .

We substitute the expressions of the instantaneous profits of firms,

ΠM
t = pMt Mt − wMt nMt − rtkt − κMvMt ,

ΠS
t = pSt St − wSt nSt − κSvSt ,

and obtain,
ct + it = pMt Mt + pSt St − κSvSt − κMvmt .

Because of the constant returns to scale and frictionless production of the final good,
we have,

Yt = pMt Mt + pSt St.

So, we obtain the resource constraint,

Yt = ct + it + κSvSt + κMvmt .
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4 Model Solution

We report below all equations that need to be satisfied in equilibrium.

Labor markets

mM
t = µ1(υ

M
t )µ2(uMt )1−µ2 (E.1)

mS
t = µ1(υ

S
t )µ2(uSt )1−µ2 (E.2)

nMt+1 = (1− σM)nMt +mM
t (E.3)

nSt+1 = (1− σS)nSt +mS
t (E.4)

ψhMt ≡ mM
t

uMt
(E.5)

ψfMt ≡ mM
t

υMt
(E.6)

ψhSt ≡
mS
t

uSt
(E.7)

ψfSt ≡
mS
t

υSt
(E.8)

Household

c−ηt = βEt
[
c−ηt+1(1− δ + rt+1)

]
(E.9)

λnMt = βEt
[
−Φl−ϕt+1 + c−ηt+1w

M
t+1 + λnMt+1 (1− σM)

]
(E.10)

λnSt = βEt
[
−Φl−ϕt+1 + c−ηt+1w

S
t+1 + λnSt+1 (1− σS)

]
(E.11)

Φl−ϕt = λnM tψ
hM
t st + λnStψ

hS
t (1− st) + λctb̄t (E.12)

λnMt ψ
hM
t = λnSt ψ

hS
t (E.13)
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nMt + nSt + ut + lt = 1 (E.14)

uMt = stut (E.15)

uSt = (1− st)ut (E.16)

ct + kt+1 = (1− δ + rt)kt + wMt n
M
t + wSt n

S
t + b̄tut − Tt + ΠM

t + ΠS
t (E.17)

Firms

Λt,t+1 = β

(
λnct+1

λnct

)−η
(E.18)

κM

ψfMt
= EtΛt,t+1

[
pMt+1(1− ζ)

(
Mt+1

nMt+1

) 1
α

− wMt+1 +

(
1− σM

)
κM

ψfMt+1

]
(E.19)

rt = pMt · ζ
(
Mt

kt

) 1
α

(E.20)

pMt = γ

(
Yt
Mt

) 1
χ

(E.21)

Mt =
[
ζk

α−1
α

t + (1− ζ)(nMt )
α−1
α

] α
α−1

, (E.22)

Yt =

[
γM

χ−1
χ

t + (1− γ)S
χ−1
χ

t

] χ
χ−1

, (E.23)

κS

ψfSt
= EtΛt,t+1

[
pSt+1b

St+1

nSt+1

− wSt+1 +

(
1− σS

)
κS

ψfSt+1

]
(E.24)

pSt = (1− γ)

(
Yt
St

) 1
χ

(E.25)

St = B(nSt )b (E.26)

Wages
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wSt =
(
1− ϑS

)(
pSt b

St
nSt

+

(
1− σS

)
κS

ψfSt

)
+
ϑS

λct
(Φl−ϕt −

(
1− σS

)
λnSt ) (E.27)

wMt =
(
1− ϑM

)(
pMt (1− ζ)

(
Mt

nMt

) 1
α

+

(
1− σM

)
κM

ψfMt

)
+
ϑM

λct
(Φl−ϕt −

(
1− σM

)
λnMt )

(E.28)

5 Steady-state system of equations

mM = µ1(υ
M)µ2(uM)1−µ2 (S.1)

mS = µ1(υ
S)µ2(uS)1−µ2 (S.2)

nM =
mM

σM
(S.3)

nS =
mS

σS
(S.4)

ψhM ≡ mM

uM
, (S.5)

ψfM ≡ mM

υM
, (S.6)

ψhS ≡ mS

uS
, (S.7)

ψfS ≡ mS

υS
(S.8)

Household

r =
1− β
β

+ δ (S.9)

λnM = β
[
−Φl−ϕ + c−ηwM + λnM (1− σM)

]
(S.10)

λnS = β
[
−Φl−ϕ + c−ηwS + λnS(1− σS)

]
(S.11)
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Φl−ϕ = λnMψ
hMs+ λnSψ

hS(1− s) + λcb̄ (S.12)

λnMψ
hM = λnSψ

hS (S.13)

nM + nS + u + l = 1 (S.14)

uM = su (S.15)

uS = (1− s)u (S.16)

c = k(r − δ) + wMnM + wSnS + b̄u (S.17)

Firms

κS

ψfS
= β

[
pSb

S

nS
− wS +

(
1− σS

)
κS

ψfS

]
(S.18)

pS = (1− γ)

(
Y

S

) 1
χ

(S.19)

S = B(nS)b (S.20)

κM

ψfMt
= β

[
pM(1− ζ)

(
M

nM

) 1
α

− wM +

(
1− σM

)
κM

ψfM

]
(S.21)

r = pM · ζ
(
M

k

) 1
α

(S.22)

pM = γ

(
Y

M

) 1
χ

(S.23)

M =
[
ζk

α−1
α + (1− ζ)(nM)

α−1
α

] α
α−1

, (S.24)

Wages
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wS =
(
1− ϑS

)(
pSb

S

nS
+

(
1− σS

)
κS

ψfS

)
+
ϑS

λc
(Φl−ϕ −

(
1− σS

)
λnS ) (S.25)

wM =
(
1− ϑM

)(
pM(1− ζ)

(
M

nM

) 1
α

+

(
1− σM

)
κM

ψfM

)
+
ϑM

λc
(Φl−ϕ−

(
1− σM

)
λnM )

(S.26)

5.1 Steady state - simplified system

Given the unknowns u, vM , vS, k, s, the following variables are determined sequen-
tially:

r =
1− β
β

+ δ (SS.1)

uM = su (SS.2)

uS = (1− s)u (SS.3)

mM = µ1(υ
M)µ2(uM)1−µ2 (SS.4)

mS = µ1(υ
S)µ2(uS)1−µ2 (SS.5)

nM =
mM

σM
(SS.6)

nS =
mS

σS
(SS.7)

ψhM ≡ mM

uM
, (SS.8)

ψfM ≡ mM

υM
, (SS.9)

ψhS ≡ mS

uS
, (SS.10)
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ψfS ≡ mS

υS
(SS.11)

l = 1− u− nM − nS (SS.12)

S = B(nS)b (SS.13)

M =
[
ζk

α−1
α + (1− ζ)(nM)

α−1
α

] α
α−1

, (SS.14)

Y =
[
γM

χ−1
χ + (1− γ)S

χ−1
χ

] χ
χ−1

, (SS.15)

pS = (1− γ)

(
Y

S

) 1
χ

(SS.16)

pM = γ

(
Y

M

) 1
χ

(SS.17)

The wages of two sectors are obtained from the inverted FOCs with respect to
sectoral employment:

wS = pSb
S

nS
− κS

ψfSβ
+

(1− σS)κS

ψfS
(SS.18)

wM = pM(1− ζ)

(
M

nM

) 1
α

− κM

ψfMβ
+

(
1− σM

)
κM

ψfM
(SS.19)

b̄ = $
(wmnM + wSnS)

nM + nS
(SS.20)

T = b̄u (SS.21)

c = k(r − δ) + wMnM + wSnS + b̄u− T + ΠM + ΠS (SS.22)

λc = c−η (SS.23)

λnM =
β

1− β(1− σ)

(
c−ηwM − Φl−ϕ

)
(SS.24)
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λnS =
β

1− β(1− σ)

(
c−ηwS − Φl−ϕ

)
(SS.25)

To solve for the unknowns, we numerically find the solution to the following system
of equations, in which we use expressions (S.1) to (S.25).

Φl−ϕ = λnMψ
hMs+ λnSψ

hS(1− s) + λcb̄ (SS.26)

pM · ζ
(
M

k

)1−α

− r = 0 (SS.27)

κS

ψfS
= β

[
pSb

S

nS
− wS +

(
1− σS

)
κS

ψfS

]
(SS.28)

κM

ψfMt
= β

[
pM(1− ζ)

(
M

nM

)1−α

− wM +

(
1− σM

)
κM

ψfM

]
(SS.29)

wS =
(
1− ϑS

)(
pSb

S

nS
+

(
1− σS

)
κS

ψfS

)
+
ϑS

λc
(Φl−ϕ −

(
1− σS

)
λnS ) (SS.30)

wM =
(
1− ϑM

)(
pM(1− ζ)

(
M

nM

)1−α

+

(
1− σM

)
κM

ψfM

)
+
ϑM

λc
(Φl−ϕ−

(
1− σM

)
λnM )

(SS.31)

λnMψ
hM = λnSψ

hS (SS.32)
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6 The Role of the Frisch Elasticity of Labor Supply
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Figure A.1: Steady-state effects of automation in a two-sector economy: Different
values of the Frisch elasticity

Note: The y-axis shows steady-state levels. The blue line refers to the baseline calibration (φ = 2).

7 The Role of the Elasticities of Substitution
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Figure A.2: Steady-state effects of automation in a two-sector economy: Different
elasticities of substitution between capital and labor (α = 0.7) and between the two
goods (χ = 1.5)

Note: The y-axis shows steady-state levels.
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Figure A.3: Steady-state effects of automation in a two-sector economy: Different
elasticities of substitution between capital and labor (α = 0.7) and between the two
goods (χ = 1.5) (continued)

Note: The y-axis shows steady-state levels.

15



0.25 0.3 0.35 0.4 0.45 0.5

Degree of automation

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
M/S

Benchmark Higher Lower 

0.25 0.3 0.35 0.4 0.45 0.5

Degree of automation

0.6

0.7

0.8

0.9

1

1.1
pM/pS

0.25 0.3 0.35 0.4 0.45 0.5

Degree of automation

1.0122

1.0124

1.0126

1.0128

1.013

1.0132

1.0134
wM/w S

0.25 0.3 0.35 0.4 0.45 0.5

Degree of automation

0.2

0.3

0.4

0.5

0.6

0.7
nM/nS

0.25 0.3 0.35 0.4 0.45 0.5

Degree of automation

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45
vM/vS

0.25 0.3 0.35 0.4 0.45 0.5

Degree of automation

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
uM/uS

Figure A.4: Steady-state effects of automation on key ratios in a two-sector economy:
Different elasticities of substitution between capital and labor (α = 0.7) and between
the two goods (χ = 1.5)

Note: The y-axis shows steady-state levels.
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